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Abstract - Pair distribution functions, internal energy, chemical potentials and dielectric
constant, as well as solvation interactions of charged hard sphere - hard dipole mixtures
have been investigated in the framework of the MSA . The results are discussed with regard
to limitations of the model and to the inherent approximations of the MSA.

1. Introduction

The ionic fluid is a model for electrolyte solutions and molten salts. In the framework of this model thermodynamic
and structural properties are described on the McMillan-Mayer (MM) level considering the ions as particles in an
isotropic dielectric medium representing the solvent [30], or at the Born-Oppenheimer (BO) level treating also the
solvent as a system of molecules [18]. The MM mean force potentials at infinite dilution of the ions can be justified
by a molecular theory on the BO level, where the short range interactions describe a reference system with separately
estimated properties and the long range electrostatic interactions are treated as perturbations in a generalized cluster
expansion in combinations with integral equation methods {20, 25].
The Mean Spherical Approximation (MSA) of ion-dipole systems is a first step of such an expansion. Properties of
charged hard sphere - hard dipole mixtures such as pair distribution functions, pressure, internal energy, chemical
potentials and dielectric constant, as well as solvation energies and excess properties of the ionic subsystem like
activity and osmotic coefficients [1, 11, 12, 14, 15, 34] will be discussed with regard to the limitations of the model
and of the inherent approximations of the MSA. Higher order corrections to structural and thermodynamic properties
are presented for the contributions of various subsystems of the ion-dipole mixture, calculated by nonlinear integral
equations of the Reference Hypernetted Chain (RHNC) or similar approximations, and are compared with computer
simulations. The ion-ion mean force potential at infinite dilution is discussed for different solvent models, and the
connection between MM and BO descriptions is studied by the consideration of the contributions to the solvation
interactions [21] of the ions.
All models presented here are based on classical Hamiltonians Hy of N' particles ((N' — N) solvent particles and
N solute particles), consisting of a potential energy term Uy (assuming pair interactions only) and a kinetic energy
term K+

Hv=Kn+Un ; Uni=)_ Y taplis) (1)
a,f i<j
The species in the electrolyte solution are represented by subscripts a, 8 ; the argument i stands for the full set of
spatial coordinates of a molecule or an ion of species & ( j for # ) involving the coordinates of the particle center, and
in the case of anisotropic particle interaction an additional orientation vector of the molecule. The grand partition
function of this multicomponent system is
1

E[Un] =exp(fpV) ; B= T (2

MM models considering ions and the ion aggregates as the only individual particles use the feature that the grand
partition function, eq. (2), can be transformed at osmotic equilibrium into an effective grand partition function
involving only the solute species { p,,m: osmotic pressure)

E[ﬁN ] = exp(BposmV) )]

Assuming additivity of the pair potentials wg3(ij) of mean force of the solute particles at infinite dilution yields an
Hamilton function Hy of the N solute particle systern of species a,b, ... as the starting point for a theory of excess
properties at MM level (subscripts a,b,... are used to indicate the MM level, in contrast to e, B,... used on the BO
level).

Hy=Kn+Un ; Un=) wa(if) 4

ab i<j
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The MM theory is conceptually simpler than the BO theory , but it requires additional information on the solvent
averaged pair interactions, wqp(3j), of the solute species at infinite dilution.

Characteristic for the description of ionic fluids on both levels, MM as well as BO level, are the long range interaction
forces between the particles leading to structural peculiarities such as screening and charge layering.

2. Integral equation methods on the MM level
The crucial point for the estimation of thermodynamic excess properties is the proper calculation of the ionic
pair-distribution function ¢,3(12) from the input potentials.

V’2 [ exp(—BU v)d(3) . ..d(N)

12) = — )
9a(12) = (=AU w)d(1). . d(N) ®)
where V' is a generalized volume, also containing the integration over angular variables.
The calculation is achieved by use of the Ornstein-Zernike (OZ) equation
00(12) = 1 = has(12) = car(12) + T e / cac(13)hes(32) d(3) (6)
[
and a general closure relation
9ab(12) = exp[—Pwas(12) + hap(12) — cas(12) + Bap(12)) (M

where hgp(12) = ¢4(12) — 1 and c43(12) are the total and direct correlation functions, respectively. B,3(12) is the
sum of so-called elementary diagrams constructed from integrals over h functions (bonds),which are not given by
convolution integrals .

An essential step to avoid Coulomb divergencies in the model calculations is screening with the help of renormalized
long range potentials. Screening leads to the low density limit

2
WERER(r) = ufPUk(exp(nr) ; 7= Ldalete  , _To ®)
°
couL(, _ _Cac
Way (r) - 41r€€°r (9)
of the potential of mean force
Wab(12) = —kpT Ingas(12)] (10)

of a dilute system of classical point charges. Wy3(12) is the potential of mean force at finite electrolyte concentrations,
in contrast to wap(12) obtained at infinite dilution.
The input quantity in the interionic theory wq;(12) contains the Coulomb potential and a short range part w3,(12)

wap(12) = wl(12) + wGPVE(12) (11)
with a short range potential composed of repulsion terms, terms describing the mutual ionic polarization, and the
overlap of the ionic solvation shells

wS(12) = wGPR(12) + wiPPY (12) (12)

The calculation of the pair correlation functions of ions ga5(12) in terms of the w,p(r) is executed with the help
of generalized cluster expansions which is a combination of cluster and integral equation techniques. Starting with
Debye screening for the Coulomb interaction which corresponds to ¢ = —fwSOUL and h = —FWPEP (here and in
the following text boldface letters are used for matrix representations) one defines the remainder terms

c=-pwUl téc ; h=-pWPEB L 6h (13)
and the OZ equations for the remainder terms
dh—b6c=8cxh—pWPEB ¢ — BWPEE e xh (14)
A general closure relation follows from the cluster analysis
g = exp(—fw° — SWPEB 4 §h —éc + B) (15)

Setting B=0 leads to screened integral equations (Allnatt-HNC closure){3]. Numerous algorithms were developed
for the solution of such equations. Characteristic features are the use of general matrix integral equation systems,
numerical Fourier transformation of the OZ equation, either direct iteration methods or Newton-Raphson methods
for the acceleration of iteration [28]. A new feature is the acceleration of iteration by vector extrapolation [22]. These
methods are generally used, also in the case of short range interactions. Coulomb interactions require renormalization
as given by Allnatt [3] and Ng [31]. Combinations of these methods are in use [23] as well as direct or accelerated
iterations with different renormalizations {22].
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Thermodynamic excess functions at the MM level are computed along well known formulae such as the osmotic
coefficient MM

MM _ Posm __ 2_7r_P_ s 6[_ﬂwdb(r)] 3 . — p_“
L CEF RIS / A gy ;2= (16)

The potentials w>LY can be chosen such as to fit the experimental data in the dilute solution regime.
The reproductxon of the experimental data is satisfactory on the MM level [8, 10, 17], but the role of the solvation
interactions can only be really understood on the BO level.

3. Generalized virial expansions on the BO level
The starting point for a virial expansion is an approprlate model of the intermolecular pair potentml uap(12)
which may be conceived as a sum of a short range part uS (12) and a long range contribution ul (12) possibly
containing terms from the mutual orientation of the partlcles In the present introductory treatment the long range
electrostatic interactions are modelled by point charges for ions and by point dipoles for polar molecules. The short
range interactions make up the reference system describing the mutual impenetrability of the particles as well as the
short range attractive van der Waals forces. The long and short range interactions demand different approaches.

uap(12) = w35 (12) + uLf(12) amn

The pair interaction potential of a system with only short range interactions u> (12) the so-called reference system,
may be used to calculate the correlatlon functlons by integral equation approxnmatlons derived from the OZ equations
of the reference system where ul (12)

h®=c®+c®*h° (18)

The inclusion of the long range potential uZ (12) introduces screening, here under the influence of the structure
factor of the underlying reference system.
Extraction of the reference system and definition of the remainder

c=C+éc ; C=c°—put? (19)
h=H+¢éh ; H=h*°+G (20)

first leads to the screening relation
H=C+Cx+H (21)

and then to OZ equation for the remainder:

éh—dc=Hxdc+dcxh+H=xéc*h (22)

We will revert in the following text to this new sreening equation with its consideration of short range structure factors
as well as to the problem of angular dependent interactions in the case of ion-dipole and dipole-dipole interactions.
The general closure relation is as stated in refs. [4, 33]

g=g°exp(G+6h-6c+4éB) ; éB=B-B° (23)
Neglection of the B term leads to the reference hypernetted chain (RHNC) equation.

4. Ion-dipole mixtures in the MSA
Numerous attempts were carried out to solve the problem of the hard ion - hard dipole mixture {1, 16, 32, 13, 24, 27]
containing the interactions sketched in figure 1.
The potentials can be described by the general formulae
uap(12) = w259(r) + ul(r)8°11(12) (24)
101(',)0101(12) + ullO(r)Q110(12) + ull?(r)¢112(12)

with the r- dependent coeflicients

et Eijd
ugp(r) = ugs (r) + 4:€ﬂr ;ou i) = —;;;:‘;E i) = —m (25)
and the rotational invariants
e"°(12) =1 ; @''*(12) = [B(aEF)(A7) - (B A3)] (26)

eo(12) = (B) 5 @12 =(HT) ; 1°(12) = (A1)
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Fig. 1 Dipole - dipole, ion - ion, and ion - dipole interactions

Fig. 2 The reduced internal energy E of a mixture of hard ions and dipoles simulating the solution of a 1-
1 electrolyte in methanol at 25°C. Solvent parameters: Effective diameter ¢, = 4.07 * 10~ '°m, number densi-
ty p, = 1.48 # 1028m~3, effective dipole moment u®/f = 8.3122 « 1073°Cm , ( & = 32.64 ). Ion parameters:
|z4] = |2=| = 1, o; = 4.07+ 10~ °m. (1): E; (2): Ei;; (3): Eis; (4): Eis.

The angle dependent potential leads to angle dependent correlation functions. A useful representation is the invariant
expansion of the correlation functions [11}, which is of the same form as the expansion for the potential, eq. (24).
The interaction parameters dy and dj characterize the ion and dipolar subsystems, respectively.

2 2,2 2 psptl

d% = £ - dst= =

2 =keof ; dj e ksT 3y (27)
The discussion of the MSA approximation in the framework of the generalized virial expansions on the BO level, eqs.
(22), uses at the lowest step the correlation functions of the Random Phase Approximation (RPA).

dc=6h=0 ; h=h"+G=H (28)

The OZ equations for the whole system change into the screening equations (21). The screened potential Gop(12) is
called the ’chain sum’. If the reference system is a mixture of hard spheres with contact distances cq.s an optimizing
procedure is possible, demanding that G4s(12) = 0 for r < 045. When the direct correlation functions of the reference
system c® are calculated in the Percus - Yevick approximation for a mixture of hard spheres, the optimized RPA is
called the mean spherical approximation (MSA) and can be analytically solved.

) 1
H=-1 ; r<oa ; C=—pu® ;| r>oau ; Oap = 5(7a+0p) (29)

The solution is obtained by invariant expansion of the correlation functions and transformation of the OZ equations
into a solvable set of matrix equations [11, 12]. Useful forms for the calculations are given in {14, 15). From these
results extensive calculations were carried out on solvation thermodynamics [34]. Some examples will be give here of
calculation of thermodynamic properties for the case of equal ionic sizes . Figure 2 shows the reduced internal energy
E of a mixture of hard ions and dipoles simulating the solution of a 1-1 electrolyte in methanol at 25°C as a sum of
ion - ion (E,'.-) -, ion - dipole (-E—;,) -, and dipole - dipole ( _E,,) - contributions.
= AE

N'kgT
In figure 2 the solvent parameter p, was calculated from the molar volume V;,, according to p, = N4/V,» and o, as
o, = (p,)~1/3, corresponding to a space filling factor = 7/6. An effective dipole moment u*// was used to produce
the experimental dielectric constant ¢ of the solvent according to Wertheim’s MSA result [35]. The mean ion diameter
was arbitrarily chosen .
Figure 3 shows the concentration dependent dielectric constant e(c) [1] of a mixture of hard ions and dipoles
simulating Nal and Buy4N Br solutions in methanol at 25°C. The solvent molecule parameters are those of figure 2,
the mean ionic contact distances were arbitrarily chosen. The experimental permittivity data for the comparison are
taken from microwave dielectric relaxation experiments [9].
The mean ionic activity coefficient y4 (c) of a mixture of hard ions and dipoles simulating Nal and BuyN Br solutions
in acetonitrile at 25°C is given in figure 4. The solvent parameter and the effective dipole moment were calculated
as before. The mean ionic contact distances were chosen in such a manner that a qualitative fit of the experimental
activity coefficients known from vapor pressure measurements [6, 7] was established.

= Eii + Ei: + F';u (30)
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Fig. 3 Concentration dependent dielectric constant ¢ of a mixture of hard ions and dipoles simulating Nal
and BuyN Br solutions in methanol at 25°C. Solvent parameters as in figure 2. Ion parameters: BusNBr, o; =
6.8 % 1071°m. (4): e (MSA), (2): (Experimental data [9]) . Nal, o; = 6.0 % 107'%m, (3): e (MSA) ; (1):
(Experimental data [9]).

Fig. 4 The mean ionic activity coeflicient y+(c) of a mixture of hard ions and dipoles simulating Nal and
BuyN Br solutions in acetonitrile at 25°C. Solvent parameters: effective diameter o, = 4.44 * 10~ '°m, number
density p, = 1.14 * 10%®m~2 at 298.15 K, effective dipole moment u*// = 9.79 + 10~3°C'm ,( €5 = 35.93 ). Ion
parameters: BusNBr, o; = 7.5+ 1071%m, (4): y+(c) (MSA); (3): (Experimental data [7]). Nal, o; = 6.0% 10~ 1%m,
(1): yx(c) (MSA) ; (2): (Experimental data [6]).

The three foregoing examples were chosen to show that already very rough approximations such as fits of the solvent
properties by effective dipole moments and radii , and description of the repulsive interactions of the ions by an
appropriate mean contact distance o;, yield already correlations with the correct tendency of the concentration
dependence of the thermodynamic functions.

5. Ion solvation in the BO and MM approaches
The mean force potential at infinite dilution we(r) of the ions a and b follows from the infinite -dilution limit of
the ion-ion radial distribution function

Jim g2°(r) = g5 (r) = expl~Buas(r)] (31)
with the help of direct ionic interactlon potentials on the BO level

212

4mwe,r (32)

ua(r) = g (r) + s
The resulting effective interaction potentials wqy(r) depends in the long range part on a calculated permittivity ecqic
and on a short range solvation potential

€ath
war(r) = wSF(r) + wfPY () + o (33)

The solvation potential wSPLV (r), in turn, is subdivided into two parts. Ome part, wSOL v. RS(r), is due to the

contributions of the reference system, and the other part, wsoz,v EL(r), stems from the electrostatic interactions
between the ions and the solvent molecules

wSOLV (r) = wSOLVRS () 4 SOLVEL( ) (34)

sbo Lv, Rs(r) is that part of the solvation potential due to the interaction of the ions a and b in a solvent made up

by dielectric nonpolar and nonpolarizable molecules. This quantity is calculable with the help of ion distribution
functions gZ°(r) at ion number density p; = p4 + p— with a potential

_€ath

ua(r) = ugy () + (35)

4meqer

in a dilute solution of number density p,. The reference system interactions ( solvent-solvent and ion-solvent potentials

© 1996 IUPAC, Pure and Applied Chemistry 68, 1553-1560
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Fig. 5 Reference system contribution to the solvation interaction, w2 "Y"#%(r), from ion-ion distribution func-

tions of charged soft spheres in a continuous solvent (MM level) and in a soft sphere molecular solvent (BO level).
lon parameters: p! = (p4 + p-)o? = 0.1, b = Blzy2z_|e?/(4megea;) = 6. Solvent parameters: pf = p,0 = 0.85,
€ = Beld = 0.5. wiPVBS(r): (1):(RHNC); (2): (MC). w355"*5(r): (3):(RHNC); (4)(MC).

Fig. 6 Influence of the ratio of the ions and solvent dipole radii, o; /o, on the potential of mean force between two
ions at infinite dilution at 25°C. Parameters of the solvent: o, = 3 % 10~'%m, feduced density p* = 0.8 and reduced
dipole moment u* = p./\/4mrepkpgTod = 1.5. The dielectric constant in LIN approximation [24] is € = 32.75 .
Parameters of the ions: z4 = —z_ = 1. (1): oy/0, = 1; (2): 0ifo, = 4/3; (3): oifo, = 2;

and the short range parts of the ion-ion interactions ) are of the Lennard Jones type or, alternatively, of the soft
sphere type

r

B =u0 =142 [(22)"- (2)] © uher=ats (22)" - (39)

In that case Debye screening may be assumed according to eq. (8), and g5°(r) takes the form

052 (1) = exp [~BLuSE(r) +wSP VRS (r) + WREB ()] (37)

On the other hand the ion- ion distribution function MM (r) of a dilute ionic gas with interactions according to eq.
(35), may be estimated at equal number density p; to be

gaM (r) = exp (=Bluz*(r) + WRPE(r)) (38)

From egs. (37) and (38) follows the interpretation of wfbo LV:RS(+) with the help of the BO and MM distribution
functions

BO(,,
3P0 = ~haTn (St ) )
abd

Figure 5 shows the potentlal w, r) from ion-ion distribution functions of charged soft spheres in a continuous
solvent (MM level) and in a soft sphere molecular solvent (BO level). The reliability of the integral equation appro-
ximations may be supported with the help of a MC method. The main characteristics of the MC method used are
the Metropolis algorithm , periodic boundaries [2], and of a reaction- field corrected cutoff-sphere method [5). Up to
1.7 % 107 configurations were considered for 2000 particles.

The electrostatic contribution to solvation interactions is obtained from the ion - ion correlation function in the limit
of infinite dilution in an ion - dipolar mixture . Various examples can be found in the literature for hard ion - hard
dipole mixtures at different levels of approximation [13, 24, 27), and also for related models such as Stockmayer
solvents [26]. The contribution of the électrostatic interactions has the general form

SOLV RS(

Wi ) = (e = DFa() (40)
with a rapidly decaying oscillating function Fy(r) [16, 24]. Figure 6 shows the role of the relative particle sizes of
spherical ions and solvent molecules in a hard particle mixture.

If ions and solvent molecules are of equal size the influence of the electrostatic contribution is dominant. In the case
where the ratio of ion to dipole size enlarges, the reference system contribution is of the same magnitude as the
electrostatic contribution.

© 1996 IUPAC, Pure and Applied Chemistry 68, 1553-1560
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6. Conclusions

Despite the simplicity of the model consisting of polarizable spherical ions dissolved in a system of spherical dipole
molecules, it represents the natural complexity of an electrolyte solution with particle interactions between individual
ions and solvent molecules of variable sizes. An appropriate treatment of the interaction forces in the interparticle
and reference forces gives insight in the nature of solvation and links the BO and MM level models. The very simple
BO level model was chosen to illustrate without unnessecary complication the efficient possibilities of the new integral
equation method. The hard sphere ion-dipole model already reproduces the thermodynamic and structural properties
of electrolyte.solutions surprisingly well with the help of meaningful molecular parameters. The underlying mathe-
matical tool for the development of an appropriate MSA method is laborious but the resulting expressions are rather
simple and useful for the description of thermodynamic properties such as activity coefficients and also permittivities.
Refinement of the solute - solvent model by the use of nonisotropic molecular particles yields better approximations
but requires much higher mathematical expenditure.

Acknowledgements
The authors are pleased to acknowledge the fruitful discussions with Prof. Dr. L. Blum concerning the subject of
this research.

References

[1] S.A.Adelman,J.M.Deutch J.Chem. Phys. 60, 3935 (1974).

[2] M.P. Allen, D.J. Tildesley: Computer Simulation of Liquids, Oxford University Press, Oxford (1987).
(3] A.R.Allnatt, Mol. Phys. 8, 533 (1964).

[4] H.C. Andersen, D. Chandler, J.Chem.Phys. 57, 1918 (1972).

[5] A.Baranyai, R.L. McGreevy, I. RuffJ.. Phys.C 19,453 (1986).

(6] J. Barthel, G. Lauermann, J. Solution Chem. 15, 869 (1986).

[7] J. Barthel, W.Kunz, J. Solution Chem. 17, 399 (1988).

[8] J.Barthel, W.Kunz, G. Lauermann, R. Neueder, Ber. Bunsengees. Phys. Chem. 92, 1372 (1988).
[9] J.Barthel, R.Buchner, Pure Appl.Chem. 63, 1473 (1991).
[10] J.Barthel, R. Neueder, W.Kunz, Pure Appl.Chem. 65, 889 (1993).

[11] L.Blum, A.J. Toruella, J. Chem. Phys. 56, 303 (1972).

{12] L.Blum J.Stat. Phys. 18, 451 (1978).

[13] L.Blum, F.Vericat: Molecular description of ionic solvation and ion-ion interactions in dipolar solvents, in
The Chemical Physics of Solvation, Part A 143, (R.Dogonadze, E. Kalman, A. Kornyshev, J. Ulstrup, (Eds.)),
Elsevier, Amsterdam (1985).

[14] L.Blum, D.Q. Wei J.Chem. Phys. 87, 555 (1987).
{15] L.Blum, F. Vericat, W.R. Fawcett J. Chem.Phys.96, 3039 (1992); ibid. 101, 10197 (1994).
(16] D.Y.C.Chan, D.J. Mitchell, B.W. Ninham J.Chem.Phys. 70, 2946 (1979).

[17) W.Ebeling, H. Krienke: Solvation effects in the excess properties of equilibriurn and nonequilibrium ionic solu-
tions, in The Chemical Physics of Solvation, Part C, 113 (R.Dogonadze, E. Kalman, A. Kornyshev, J. Ulstrup,
(Eds.)), Elsevier, Amsterdam (1988).

(18] H.L.Friedman, Pure and Appl. Chem. 53, 1277 1981.

[19] P.H.Fries, G.N.Patey, J.Chem.Phys. 82, 429 (1985).

[20) M.F.Golovko, H. Krienke, Mol. Phys. 68, 967 (1989).

{21] R.W.Gurney, Ionic Processes in Solution, McGraw-Hill, New York (1953).

[22) H.H.H. Homeier, S. Rast, H. Krienke Computer Commun. Physics submitted (1995).
(23] T.Ichiye, A.D.J. Haymet, J.Chem. Phys. 89, 4315 (1988).

[24] H.Krienke, G. Weigl, Ann. Phys.(Leipzig) 45, 313 (1988).

[25) H.Krienke, R. Thamm, Mol. Phys. 76, 757 (1992).

© 1996 IUPAC, Pure and Applied Chemistry 68, 1553-1560



1560 H. KRIENKE AND J. BARTHEL

(26] H. Krienke, J. Barthel, Pure Appl. Chem. 66, 405 (1994).

[27) P.G.Kusalik, G.N. Patey, J. Chem. Phys. 92, 1345 (1990).

[28] S.Labik, A. Malijevsky, P. Vonka Mol. Phys. 56, 709 (1985).

[29) D.Levesque, J.J. Weis, G.N. Patey, J.Chem.Phys. 72, 1887 (1980).
[30]) W.G.McMillan, J.E. Mayer J.Chem.Phys. 13 , 276 (1945).

[31] K.C.Ng, J.Chem.Phys. 61, 2680 (1974).

[32] G.N.Patey, D.Levesque, J.J. Weis Mol. Phys. 45, 733 (1982).

{33] G.Stell, in Phase Transitions and Critical Phenomena, Vol.V, ed. C.Domb, M.S. Green, Academic Press, Lon-
don (1976).

[34] D. Wei, L. Blum J.Chem. Phys. 102, 4219 (1995)).
{35] M. Wertheim, J.Chem. Phys. 55, 4291 (1971).

© 1996 IUPAC, Pure and Applied Chemistry 68, 1553-1560





